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A further improvement of a minimax theorem of Borenshtein and Shul’man
BIAGIO RICCERI
Dedicated to Professor Ky Fan, with my greatest admiration and esteem
The classical minimax problem can be formulated in the following terms: given two
non-empty sets X, I and a function f : X × I → R, find suitable conditions ensuring the
validity of the equality
sup
λ∈I
inf
x∈X
f(x, λ) = inf
x∈X
sup
λ∈I
f(x, λ) . (1)
We refer to [2] and [6] for an overview of the subject.
In the present paper, our starting point is the following result by O. Yu. Borenshtein
and V. S. Shul’man:
THEOREM A ([1], Theorem 1). - Let X be a compact metric space, I a real interval,
and f : X × I → R a continuous function satisfying the following conditions:
(a1) for every x ∈ X, the function f(x, ·) is concave;
(a2) for every λ ∈ I, each local minimum of the function f(·, λ) is a global minimum.
Then, equality (1) holds.
Very recently, J. Saint Raymond obtained the following remarkable improvement of
Theorem A:
THEOREM B ([5], Theorem 1). - Let X, I be as in Theorem A, and let f : X×I → R
be a function satisfying the following conditions:
(b1) for every x ∈ X, the function f(x, ·) is concave and continuous;
(b2) for every λ ∈ I, the function f(·, λ) is lower semicontinuous and each of its local
minima is a global minimum.
Then, equality (1) holds.
The aim of the present paper is to establish a further improvement of Theorem A
which improves Theorem B too. Our method of proof is completely different from the ones
of [1] and [5].
If (X, τ) is a topological space, we denote by τs the topology on X whose members
are the sets A ⊆ X such that X \A is sequentially τ -closed. Clearly, τs is stronger than τ .
We note that a function f : X → R is sequentially τ -lower semicontinuous if and only if it
is τs-lower semicontinuous. We also recall that a real function ϕ on a convex subset C of
a vector space is said to be quasi-concave if, for every r ∈ R, the set {x ∈ C : ϕ(x) > r}
is convex.
Our result is as follows:
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THEOREM 1. - Let (X, τ) be a topological space, τ1 a topology on X weaker than τs,
I a real interval, and f : X × I → R a function satisfying the following conditions:
(c1) for every x ∈ X, the function f(x, ·) is quasi-concave and continuous;
(c2) for every λ ∈ I, the function f(·, λ) is τ1-lower semicontinuous and each of its τ1-local
minima is a global minimum;
(c3) there exist ρ > supλ∈I infx∈X f(x, λ) and λ0 ∈ I such that the set
{x ∈ X : f(x, λ0) ≤ ρ}
is sequentially τ -compact.
Then, equality (1) holds.
We now establish some intermediate results from which Theorem 1 will easily follow.
We first recall that, if T, S are two topological spaces, a multifunction F : T → 2S
is said to be lower semicontinuous at t ∈ T if, for every open set Ω ⊆ S, the condition
t ∈ F−(Ω) implies that t ∈ int(F−(Ω)), where F−(Ω) = {t ∈ T : F (t) ∩ Ω 6= ∅}.
Denote by NLS(F (t)) the set of all points s ∈ F (t) for which there exist a neighbour-
hood Ω of s in S and a net {tα} in T \ F
−(Ω) converging to t. It is clear that F is not
lower semicontinuous at t if and only if the set NLS(F (t)) is non-empty.
If τ is the topology on S, we will also write NLSτ (F (t)) to denote NLS(F (t)).
The concept of lower semicontinuity is certainly one of the most important in set-
valued analysis. Thus, very often, it is of great interest to know whether specific multi-
functions are lower semicontinuous. The next proposition, on the contrary, does highlight
a particular situation where it is important to know that a certain multifunction is not
lower semicontinuous.
PROPOSITION 1. - Let X,Λ be two topological spaces and f : X×Λ→ R a function
such that, for each x ∈ X, the set {λ ∈ Λ : f(x, λ) ≥ 0} is closed. For each λ ∈ Λ, put
F (λ) = {x ∈ X : f(x, λ) ≤ 0} .
Assume that the multifunction F is not lower semicontinuous at λ0 ∈ Λ.
Then, each point x0 ∈ NLS(F (λ0)) is a local minimum of the function f(·, λ0) such
that f(x0, λ0) = 0.
PROOF. Let x0 ∈ NLS(F (λ0)). So, there are a neighbourhood Ω of x0 in X and
a net {µα}α∈D in Λ \ F
−(Ω) converging to λ0. Thus, we have f(x0, λ0) ≤ 0 as well as
f(x, µα) > 0 for all x ∈ Ω, α ∈ D. Since each set {λ ∈ Λ : f(x, λ) ≥ 0} is closed, we then
have
f(x0, λ0) = 0 ≤ f(x, λ0)
for all x ∈ Ω, and the proof is complete. △
The next result is crucial.
THEOREM 2. - Let (X, τ) be a topological space, τ1 a topology on X weaker than τs,
I a real interval, and F : I → 2X a multifunction, with τ1-closed values, such that, for
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each x ∈ X, the set I \ F−(x) is a non-empty interval open in I. Finally, suppose that
there is λ0 ∈ I such that F (λ0) is non-empty and sequentially τ -compact.
Then, the multifunction F is not τ1-lower semicontinuous at a point λ
∗ ∈ I such that
NLSτ1(F (λ
∗)) ∩ F (λ0) 6= ∅.
PROOF. For each x ∈ X , put
Φ(x) = I \ F−(x) .
Note that
Φ−(λ) = X \ F (λ)
for all λ ∈ I. Since τ1 is weaker than τs, each set X \Φ
−(λ) is sequentially τ -closed. Hence,
by Proposition 2 of [4], we can find a compact (non-degenerate) interval [a, b] ⊆ I, with
λ0 ∈ [a, b], such that
Φ(x) ∩ [a, b] 6= ∅
for all x ∈ X . Therefore, each set Φ(x) ∩ [a, b] is a non-empty interval open in [a, b]. For
each x ∈ X , put
α(x) = inf(Φ(x) ∩ [a, b])
and
β(x) = sup(Φ(x) ∩ [a, b]) .
Let x0 ∈ X and ǫ ∈]0, β(x0)−α(x0)[. Observe that the set Φ
−(α(x0)+ ǫ)∩Φ
−(β(x0)− ǫ)
is a τ1-neighbourhood of x0, and for every point x belonging to it, one has
α(x) < α(x0) + ǫ
as well as
β(x0)− ǫ < β(x) .
This shows that α is τ1-upper semicontinuous and that β is τ1-lower semicontinuous in X .
Now, suppose that λ0 ∈]a, b[. Then, we have
F (λ0) = α
−1([λ0,+∞[) ∪ β
−1(]−∞, λ0]) .
Thus, since F (λ0) is non-empty, either α
−1([λ0,+∞[) or β
−1(] − ∞, λ0]) is non-empty.
For instance, suppose that β−1(] −∞, λ0]) is non-empty. Since τ1 is weaker than τs, the
function β is τs-lower semicontinuous and so, as we observed above, sequentially τ -lower
semicontinuous. Hence, as F (λ0) is sequentially τ -compact, there is x
∗ ∈ X such that
β(x∗) = infX β. Since β(x
∗) ≤ λ0, we have β(x
∗) ∈]a, b[. This implies, in particular, that
β(x∗) does not belong to Φ(x∗) ∩ [a, b], since this set is open in [a, b]. Hence, we have
x∗ ∈ F (β(x∗)). Fix c ∈]α(x∗), β(x∗)[. Owing to the τ1-upper semicontinuity of α, the set
α−1(]−∞, c[) is a τ1-neighbourhood of x
∗. Now, let x ∈ α−1(]−∞, c[) and λ ∈]c, β(x∗)[.
Then, we have
α(x) < c < λ < β(x∗) ≤ β(x) ,
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and so λ ∈ Φ(x), that is x does not belong to F (λ). In other words, we have
F (λ) ∩ α−1(]−∞, c[) = ∅
for all λ ∈]c, β(x∗)[. This shows that x∗ ∈ NLSτ1(F (β(x
∗))) ∩ F (λ0). In the case when
α−1([λ0,+∞[) is non-empty, α has at least one global maximum, say x
′. Proceeding as
before (with obvious changes), one realizes that x′ ∈ NLSτ1(F (α(x
′))) ∩ F (λ0). Suppose
now that λ0 = b. If infX β < b, since
β−1(]−∞, b[) ⊆ F (b)
and F (b) is sequentially τ -compact, infX β is attained by β, and, as we have seen, each
global minimum of β belongs to NLSτ1(F (infX β)) ∩ F (λ0). If β(x) = b for all x ∈ X ,
pick x0 ∈ F (b). Then, if d ∈]α(x0), b[ and λ ∈]d, b[, the set α
−1(] − ∞, d[) is a τ1-
neighbourhood of x0 which does not meet F (λ). So, x0 ∈ NLSτ1(F (b)). In other words,
F (b) = NLSτ1(F (b)). Finally, if λ0 = a, reasoning as before (with obvious changes),
one checks that supX α is attained by α and that each global maximum of α belongs to
NLSτ1(F (supX α)) ∩ F (a). The proof is complete. △
REMARK 1. - From the above proof, it is clear that if we assume F (λ0) to be
τ -compact, then we get the same conclusion provided that τ1 is weaker than τ .
A joint application of Proposition 1 and Theorem 2 gives the following result:
THEOREM 3. - Let (X, τ) be a topological space, τ1 a topology on X weaker than τs,
I a real interval and f : X × I → R a function satisfying the following conditions:
(d1) for each x ∈ X, the set
{λ ∈ I : f(x, λ) ≥ 0}
is closed in I and the set
{λ ∈ I : f(x, λ) > 0}
is a non-empty interval open in I;
(d2) for each λ ∈ I, the set
{x ∈ X : f(x, λ) ≤ 0}
is τ1-closed;
(d3) there is λ0 ∈ I such that the set
{x ∈ X : f(x, λ0) ≤ 0}
is non-empty and sequentially τ -compact.
Then, there exists λ∗ ∈ I such that the function f(·, λ∗) has a τ1-local minimum x
∗
such that f(x∗, λ∗) = 0 and f(x∗, λ0) ≤ 0.
PROOF. For each λ ∈ I, put
F (λ) = {x ∈ X : f(x, λ) ≤ 0} .
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By Theorem 2, the multifunction F is not τ1-lower semicontinuous at a point λ
∗ ∈ I such
that NLSτ1(F (λ
∗)) ∩ F (λ0) 6= ∅. Any point of this set, by Proposition 1, satisfies the
conclusion. △
REMARK 2. - Observe that Theorem 3 is a remarkable improvement of Theorem 1
of [3].
Proof of Theorem 1. Arguing by contradiction, assume that
sup
λ∈I
inf
x∈X
f(x, λ) < inf
x∈X
sup
λ∈I
f(x, λ) .
Then, if we fix r satisfying
sup
λ∈I
inf
x∈X
f(x, λ) < r < min
{
ρ, inf
x∈X
sup
λ∈I
f(x, λ)
}
and put
ϕ(x, λ) = f(x, λ)− r
for all (x, λ) ∈ X×I, we see that the function ϕ satisfies all the assumptions of Theorem 3.
Consequently, there exist λ∗ ∈ I and x∗ ∈ X such that f(x∗, λ∗) = r and x∗ is a τ1-local
minimum for f(·, λ∗). Since infx∈X f(x, λ
∗) < r, x∗ is not a global minimum for f(·, λ∗),
and this contradicts condition (c2). The proof is complete. △
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